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Majorana bound states often occur at the end of 1D topological superconductor or at the pi
Josephson junction mediated by a helical edge state. Validated by a new bulk invariant and an
intuitive edge argument, we show the emergence of one Majorana Kramers pair at each corner of a
square-shaped 2D topological insulator proximitized by an s±-wave (e.g., Fe-based) superconductor.
We obtain a phase diagram that emphasizes the roles of bulk parameters and edge orientations. We
propose several experimental realizations in lattice-matched candidate materials. Our scheme offers
a high-temperature platform for exploring higher-order non-Abelian quasiparticles.
Introduction.—A central theme in condensed matter
physics is to discover and classify distinctive states of
matter. Conventionally, states such as magnets or su-
perconductors are characterized by the time-reversal or
gauge symmetry that they spontaneously break. Over
the last decade, the discovery of topological insulators
(TI) has opened the door to various classes of topolog-
ical states of matter [1–4]. In each class, all the states
respect the same symmetries, yet they are indexed by
the different values of a bulk topological invariant, which
determine the physics on their boundaries of one lower
dimension. As a prime example, for a 2D/3D TI, the
nontrivial Z2 index of the insulting bulk state dictates
the presence of gapless 1D/2D edge/surface state. When
coupled to a magnet or superconductor that breaks an
essential symmetry, the boundary state may acquire an
energy gap and even be passivated [5–8].
Recently, a novel class of TIs coined “higher-order
TIs” [9–18] has emerged. They host protected gapless
states on boundaries of more than one dimensions lower.
For instance, a second-order 2D/3D TI has gapless cor-
ner/hinge states between distinct edges/surfaces that are
gapped. While the emergent corner states have been re-
alized in a phononic quadrupole TI [10], the prototype
hinge states have been responsible for a quantum anoma-
lous Hall effect [6]. These examples have enlightened the
search for fascinating higher-order topological matter.
Meanwhile, a priority in condensed matter physics is
to create topological superconductors (TSC) with Majo-
rana bound states [19–22], which offer a decoherence-free
platform for quantum computation and information. A
promising route [23–32] is to employ an architecture that
proximity couples an ordinary superconductor with a ma-
terial that effectively has one helical band, which requires
a magnetic field or a pi Josephson junction. While several
experiments are achieving this goal [33–37], one might
wonder whether there exists a higher-order TSC [38, 39],
whose nontrivial bulk topology leads to the emergence of
Majoranas, and how such a TSC can be realized in an
experimentally accessible setup.
Here we show that a second-order TSC in class DIII
(i.e., time-reversal-invariant) can be realized by proxim-
(a) (b)
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FIG. 1. Schematics of (a) a 2D TI proximitized by a nodeless
high-Tc (e.g., Fe-based s±-wave) superconductor yielding cor-
ner Majoranas and (b) the lattice model described by Eq. (1).
itizing a 2D TI [40–42] with an s±-wave superconduc-
tor [43–45], as sketched in Fig. 1a. While the bulk has
an insulating gap and the edges acquire superconducting
gaps, there is a Majorana Kramers pair [46–54] at each
corner. To demonstrate this TSC, we not only provide
an intuitive edge argument but also derive a novel bulk
invariant based on an emergent C4 symmetry. Moreover,
we obtain a general phase diagram and propose several
experimental realizations. Remarkably, our scheme re-
quires neither a pi Josephson junction nor a magnetic
field, and the superconductor used here is topologically
trivial and has a high critical temperature. Our work
establishes an unprecedented high-temperature platform
for exploring higher-order TSCs and Majoranas.
Minimal model.—We first introduce a time-reversal-
invariant (TRI) model with two orbitals per site in a
square lattice, as sketched in Fig. 1b, to describe a 2D
TI proximitized by an s±-wave superconductor,
H =
(
t
∑
〈ij〉x,s
− t
∑
〈ij〉y,s
+ t1
∑
〈〈ij〉〉,s
)
c†iµsσ
µν
z cjνs
+ iλR
∑
<ij>
c†iµα
(
sαβ × dˆ ij
)
z
σµνx cjνβ
+ ∆0
∑
i,σ
c†iσ↑c
†
iσ↓ + ∆1
∑
〈ij〉,σ
c†iσ↑c
†
jσ↓ + H.c..
(1)
Here s and σ are the Pauli matrices for the spin and
orbital spaces, respectively. The t-term is the nearest-
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2neighbor intra-orbital hopping, with opposite signs in
the xˆ and yˆ directions. The t1-term is the next-nearest-
neighbor intra-orbital hopping. Both terms have oppo-
site signs for different orbitals. The λR-term arises from
the inter-orbital Rashba spin-orbit coupling; d ij is a vec-
tor pointing from site j to site i. ∆0 and ∆1 combine to
provide an s±-wave pairing.
It is more convenient to rewrite Eq. (1) as the following
Bogoliubov-de Gennes (BdG) Hamiltonian
HBdGk =
(
hTIk − µ
)
τz + ∆kτx,
hTIk = [2t(cos kx − cos ky) + 4t1 cos kx cos ky]σz
+ 2λR(sin kxsy − sin kysx)σx,
∆k = ∆0 + 2∆1(cos kx + cos ky),
(2)
where µ is the chemical potential and τ are the Pauli
matrices in Nambu particle-hole notation. ∆k is the s±-
wave pairing that switches signs between the zone center
Γ (0, 0) and the zone corner M (pi, pi) when |∆0| < 4|∆1|.
The 2D material can acquire such an s±-wave pair poten-
tial, e.g., when it is proximity coupled to a nodeless Fe-
based high-temperature superconductor [43–45]. Impor-
tantly, our model Eq. (2) has time-reversal (Θ = isyK),
particle-hole (Ξ = syτyK), and inversion (P = σz) sym-
metries, with K being the complex conjugation. These
symmetries can be expressed as follows
ΘHBdG(k)Θ−1 = HBdG(−k),
ΞHBdG(k)Ξ−1 = −HBdG(−k),
PHBdG(k)P−1 = HBdG(−k).
(3)
The 2D material is described by hTI in Eq. (2) and
respects the time-reversal and inversion symmetries in
Eq. (3). The spectrum of hTI is generally gapped except
when t1 = 0 or |t| = |t1|. Thus, the Fu-Kane criterion [55]
based on the P eigenvalues at the four TRI momenta can
be used to evaluate whether the 2D material is a TI or
not. Since hTI is the same at (0, 0) and (pi, pi), the Z2
index is determined by the relative band inversion from
(pi, 0) to (pi, 0). As listed in Table I, the material is a Z2
TI for |t| > |t1| and a trivial insulator otherwise.
Consider the case in which the 2D TI has only one band
inversion at (pi, 0). Figs. 2a and 2c plot the band struc-
TABLE I. Band inversion at the TRI momenta, TI Z2 index
of hTIk , and the second-order TSC Z2 index of HBdGk for the
cases with t > 0 and µ = 0. The cases with t < 0 and µ = 0
can be obtained by switching the indices at (pi, 0) and (0, pi).
± denote the parity of the number of band inversions.
Condition (0, 0) (pi, 0) (0, pi) (pi, pi) Z2-TI Z2-TSC
t > t1 > 0 + − + + 1 1
t1 > t > 0 + − − + 0 0
t > −t1 > 0 − − + − 1 1
−t1 > t > 0 − + + − 0 0
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FIG. 2. (a) Band structure of a 2D TI ribbon exhibiting
a (01¯) helical edge state at kx = pi. (b) BdG spectrum of
(a) with an s±-wave pairing. (c)-(d) Similar to (a)-(b), but
exhibiting a (1¯0) helical edge state at ky = 0. (e) Schematic
of the s±-wave pairing in the bulk BZ and the s-wave pairing
of opposite signs acquired by the two edge states. (f) Exact
diagonalization revealing the four pairs of Majoranas for the
15× 15 square size TI: the density plot displays their corner
localized probability distribution and the inset features their
symmetry enforced zero energy. We have chosen t1 = 1, t = 2,
λR = 1.5, ∆0 = 0, ∆1 = 0.5, and µ = 0.5 in all panels.
tures of TI ribbons along the xˆ and yˆ directions. As an-
ticipated, the (01¯) edge state emerges at kx = pi, whereas
the (1¯0) edge state emerges at ky = 0. When the Fermi
energy lies in the bulk gap, the proximity induced s±-
wave pairing ∆k can gap out both edge states by break-
ing the gauge symmetry, as shown in Figs. 2b and 2d for
the ∆0 = 0 case. For such a proximitized TI in a square
shape as sketched in Fig. 1a, in spite of the fact that the
2D bulk and the 1D edges are all fully gapped, there are
four zero-energy Majorana Kramers pairs — one at each
corner, as exhibited by Fig. 2f. Evidently, this realizes a
second-order TSC in class DIII.
An edge argument can explain the presence of a local
Majorana Kramers pair when µ is small, as illustrated
in Fig. 2e. At the (01¯) edge, the helical edge state at
kx = pi acquires a negative pairing since ∆k is negative
at kx = pi for all ky’s. By contrast, at the (1¯0) edge, the
helical edge state at ky = 0 acquires a positive pairing
since ∆k is positive at ky = 0 for all kx’s. In light of
the topological criterion for 1D TSCs in class DIII [46,
47], such a pairing sign reversal leads to the emergence
of a boundary Majorana Kramers pair. This argument
equally applies to the four corners in Fig. 2f.
Topological invariant.—The edge argument is intuitive
in understanding the second order TSC, yet the edge-
state theory is only valid near the Dirac points. (In fact,
a helical edge state cannot be captured by any 1D lattice
3model.) However, not only can µ be far from the Dirac
points, but ∆k also has a strong k-dependence across the
Brillouin zone (BZ). Thus, it is necessary to establish a
topological invariant by using the 2D bulk state.
The bulk model Eq. (2) is invariant under the spinful
four-fold rotation, accompanied by a gauge transforma-
tion that flips the signs of ∆1 pairing, odd-parity orbital
on one set of
√
2×√2 sublattices, and even-parity orbital
on the other set. This composite symmetry reads
C4HBdG(kx, ky)C−14 = HBdG(pi − ky, pi + kx) (4)
with C4 = σzτze−iszpi/4 for ∆0 = 0. Essentially, the four
symmetry operators fulfill the following algebra
Ξ2 = P2 = 1, Θ2 = (C4)4 = −1,
[Θ,Ξ] = [Ξ,P] = [P,Θ] = 0,
[C4,Θ] = [C4,P] = 0, {C4,Ξ} = 0.
(5)
Clearly, there are only two TRI momenta in the first
BZ that are invariant under the C4 operation: (pi, 0) and
(0, pi). At these two momenta, all energy states can be
labeled by the eigenvalues of C4
ξmn = e
ipi[m+2(1−n)]/4, m, n = ±1. (6)
Physically, m is the eigenvalue of sz denoting up and
down spins of each Kramers doublet, and n is the eigen-
value of τz denoting particle and hole states in the BdG
formalism. Thus, ξmn transforms as follows
Θ : (m,n)→ (−m,n), Ξ : (m,n)→ (−m,−n). (7)
Evidently, states with C4 eigenvalues e±ipi/4 (or e±i3pi/4)
form n = 1 (or n = −1) Kramers doublets, and these two
groups are related by the particle-hole symmetry.
We now use the eigenvalues of P to establish the bulk
topological invariant, built upon the algebra in Eq. (5).
(i) As P commutes with both Θ and C4, the two states in
each Kramers doublet (m = ±1) must share the same P
eigenvalue. (ii) In an anomaly-free lattice model, all the
particle (n = 1) or hole (n = −1) states must have an
even number of Kramers doublets with P eigenvalue −1
at the two C4 invariant momenta. (iii) As P commutes
with Ξ, the particle and hole states of opposite energies
must have the same number of Kramers doublets with P
eigenvalue −1 at each C4 invariant momentum.
Therefore, there is a Z2 topological invariant for the
studied second-order TSC: the parity of the number of
negative-energy Kramers doublets with C4 eigenvalues
e±ipi/4 (i.e., the particle states) and P eigenvalue −1 at
the two C4 invariant momenta. The odd (or even) par-
ity determines the presence (or absence) of the four pairs
of symmetry-protected Majorana corner states. This Z2
criterion can be applied to any square-shaped case (e.g.,
Fig. 2) regardless of orientation, as long as it respects
the C4 symmetry. Since the energy reference is the Fermi
energy and the pairing vanishes at the C4 invariant mo-
menta, the Z2 criterion is reduced to the parity of the
(a)
(c)
(d)
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FIG. 3. (a) Phase diagram of the second-order TSC vs. ∆0
and µ, distinguishing the topological (1), trivial (0), and nodal
(N) phases. (b) Effective pairing ∆eff acquired by the edge
state vs. the tilted edge orientation θ. (c) Schematic of ∆eff =
0 for the (1¯1) edge state. (d) Spatial probability distribution
revealing the four pairs of corner Majoranas for the 11 × 21
parallelogram size TI. We have chosen t1 = 1, t = 2, λR = 1.5,
∆1 = 1 in (a)-(d), µ = 0 in (b)-(d), and ∆0 = 0 in (c)-(d).
number of band inversions at (pi, 0) and (0, pi) when the
Fermi energy is in the band gap of hTI. This is consis-
tent with our numerical results summarized in Table I.
We point out that the Z2 invariant can alternatively be
proved by a bulk-boundary correspondence [56].
Phase diagram.—More generally, the protection of a
local Majorana Kramers pair only requires the time-
reversal and particle-hole symmetries. The former dic-
tates the Kramers degeneracy, whereas the latter pins
the Kramers pair to the zero energy. Consequently, the
Majorana Kramers pair at each corner in Fig. 2f is robust
against the rotational and inversion symmetry breaking,
e.g., by a nonzero ∆0 or a tilted edge orientation, as long
as the perturbation does not close the bulk energy gap
or hybridize Majoranas at different corners.
Figure 3a shows the phase diagram of our model (2)
versus ∆0 and µ for a case in which the 2D TI has only
one band inversion at (pi, 0). Since the phase diagram is
symmetric around ∆0 = 0 and µ = 0, we focus on the
case with ∆0 ≥ 0 and µ ≥ 0. At ∆0 = 0 the C4 symme-
try is intact, and the established topological criterion is
applicable. When µ lies in the band gap of the TI, the
phase is topologically nontrivial, as there is one negative-
4energy Kramers doublet with C4 eigenvalues e±ipi/4 and
P eigenvalue −1 at (pi, 0) whereas none at (0, pi) — the
total parity is odd. When µ crosses the conduction band,
if the Fermi surface and the nodal lines of ∆k intersect,
the phase becomes nodal. When µ is beyond the en-
tire conduction band, the phase must be trivial; at each
C4 invariant momentum the one Kramers doublet with
C4 eigenvalues e±ipi/4 and P eigenvalue −1 is below the
Fermi energy — the total parity is even.
As ∆0 increases from zero, the topological character
remains unless there is a gap closure in the 2D bulk or
at a 1D edge, as shown in Fig. 3a. When ∆0 is above a
threshold . 4∆1, the induced pair potential has a uni-
form sign at all edges, and the edge superconductivity
must be trivial without the sign reversal [46, 47]. As
µ increases from zero, the (01¯)-edge-state Fermi points
move from kx = pi to kx = 0, whereas the (1¯0)-edge-
state Fermi points move from ky = 0 to kx = pi. For
∆0 = 0, the switch occurs at k
c = pi/2 of both edges, re-
sulting in an accidental gap closure near µ = 2λR sin k
c.
For ∆0 > 0, however, k
c
x 6= kcy, and the edge gap closes
and reopens twice near µx,y = 2λR sin k
c
x,y; each reverses
the pairing sign of one of two edge states. As a result,
the phase is topologically nontrivial before and after the
two gap closures but trivial in between. This explains the
presence of two topological domes in Fig. 3a. In addition,
the larger the value of ∆0, the smaller the nodal lines of
∆k, giving rise to the shrinking of the nodal regime in
the phase diagram with increasing ∆0.
Now we reveal the stability of Majorana corner states
against the edge orientations of 2D TI. Without loss of
generality, we study the µ = 0 case for the corner con-
necting the (01¯) edge and the edge with a tilted angle of θ
from it. Since the (01¯) edge state acquires a negative pair-
ing, the positive or negative sign of ∆eff , i.e., the pairing
acquired by the tilted-edge state, determines whether the
phase is topologically nontrivial or trivial [46, 47]. Fig. 3b
displays ∆eff versus θ, as extracted from our numerical
calculations. For ∆0 = 0, the two critical points occur
at θ = pi/4 and 3pi/4 where ∆eff vanishes, as illustrated
in Fig. 3c. Fig. 3d sketches a parallelogram-shaped TI
with θ = arctan 2 and features the four pairs of corner
Majoranas, demonstrating that this case is still a second-
order TSC. Generally, for a positive (or negative) ∆0, the
topological regime is enlarged (or suppressed).
Experiment & discussion.—Our scheme requires the
proximity coupling between a 2D TI and a nodeless s±-
wave Fe-based superconductor (FSC). The intrinsic prox-
imity effect between the FSC and its topological surface
state has been experimentally observed in FeTe1−xSex
(x= 0.45) with Tc= 15 K [57, 58]. In our extrinsic case,
to maintain the phase coherence of k-dependent pairing,
a lattice match between the TI and FSC is desired. IV-VI
monolayers have been identified as tunable 2D TIs [40–
42], with independently controllable band inversions at
(pi, 0) and (0, pi) [42]. The optimized monolayer PbS has
a square lattice constant of 4.03 A˚ [42], comparable to
3.95–4.05 A˚ of iron pnictides [45]. Thus, the (001) PbS-
FSC heterostructure can be a candidate system to ex-
plore the proposed second-order TSC.
As critical advantages, our scheme requires neither
a pi Josephson junction nor a magnetic field, and the
FSC can enjoy a critical temperature as high as 56 K
in Sr0.5Sm0.5FeAsF [59]. In probing the Majoranas, be-
cause of the Kramers degeneracy, the zero-bias tunneling
conductance is anticipated to be 4e2/h [47] at each cor-
ner when the TSC is grounded. In the future, it would
be interesting to braid the second-order Majoranas that
are anticipated to have non-abelian statistics [60, 61] and
to discover other higher-order anyons [62, 63].
Although we focus on the scenario in which the 2D TI
has one band inversion at (pi, 0), Majorana corner states
can exist in other scenarios. (i) Consider a TI with one
band inversion at (0, 0) or (pi, pi). For a dx2−y2 -wave pair-
ing (if nodeless), very similar physics is anticipated; for
an s±-wave pairing, corner Majoranas are possible only
if the structure strongly breaks the rotational symme-
try. (ii) Consider a TI with two band inversions, e.g., at
(0, 0) and (pi, 0). For either aforementioned pairing, both
the (01) and (01¯) edges have dual helical edge states at
kx = 0, pi and may become TSCs while both the (10) and
(1¯0) edges are trivial. Interesting, monolayer WTe2 as a
TI up to 100 K [64, 65] has one band inversion at (0, 0)
and may be exploited for scenario (i).
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An alternative proof of bulk topological invariant
Here we prove the bulk Z2 topological invariant for the
second-order TSCs using the bulk-boundary correspon-
dence. Specifically, we consider how the eight Majorana
corner states of a square-shaped open system are coupled
together to form a C4 invariant closed system described
by the bulk band structure. This allows us to establish a
one-to-one correspondence between the eight Majorana
corner states and the P eigenvalues of bulk bands at the
C4 invariant momenta.
First consider a C4 symmetric open system on a N×N
square lattice, For a second-order TSC, by definition, all
bulk and edge states are fully gapped except for one zero-
energy Majorana Kramers pair at each of the four cor-
ners. We thus focus on the eight zero-energy levels in the
open system. Without loss of generality, the symmetry
implementations on these eight levels can be written as
Θ = isy · K,
Ξ = s0 ⊗

1
−1
1
−1
 · K,
P = isy ⊗

−1
−1
1
1
 ,
C4 = s0 ⊗

−1
1
1
1
 ,
where s are the Pauli matrices for the spin space (of each
Kramers doublet). They are determined by the algebra
in Eq. (5) and completely fixed up to a local unitary
transformation.
Now we glue the open boundaries to form a closed
system while preserving all the symmetries. The eight
Majorana zero modes must be gapped out by a mass term
that respects all the symmetries. It is straightforward to
show that the only mass term is P, i.e., the inversion
symmetry operator.
Note that there is a subtlety in choosing the boundary
conditions for a C4 symmetric periodic system. By choos-
ing N to be an odd integer, if we label the coordinates
of the unit cell at the center of square as (x, y) = (0, 0),
the four corners are then located at N−12 (±1,±1). Due
to the (−1)x+y factor in the bulk C4 operation, the C4
symmetry dictates the boundary conditions along the x-
and y-directions must be reversed: it is either a periodic
boundary condition along the x-direction (PBCx) and an
anti-periodic boundary condition along the y-direction
(APBCy), or the other way around, i.e., APBCx and
PBCy. On an odd by odd square lattice, due to quanti-
zation of momentum under the proper boundary condi-
tions, only one of the four TRI momenta will be occupied,
and it can be either of the two C4 invariant momenta:
{PBCx, APBCy} → (0, pi),
{APBCx, PBCy} → (pi, 0).
The occupation of all other momenta remains the same
between these two different boundary conditions.
Thus, the choice of boundary conditions will pick
one of the two C4 invariant momenta. To switch from
{PBCx, APBCy} to {APBCx, PBCy}, the energy gap
must close, corresponding to the sign change of the mass
term. Now that the mass term has been proved to
be the inversion symmetry operator, this also reverses
the bulk topological invariant defined previously. There-
fore, we have shown that for our gapped superconductors
with protected Majorana corner states, the bulk invari-
ant must be nontrivial. This establishes our proof of the
bulk topological invariant.
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